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ABSTRACT
In this paper, the concept of isotropic projective Ricci curvature has been investigated. By classifi-
cation of Randers metric of isotropic projective Ricci curvature, it is shown that Randers metric of
projective Ricci curvature is reversible if and only if it is of square projective Ricci curvature.
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1 Introduction
In 2001, Shen introduced the concept of projective Ricci curvature for a Finsler metric as follows [1]
PRic := Ric+ (n− 1){S¯|my
m + S¯2},
where, S denotes the curvature S of a non-Riemannian quantity and plays an important role in Finsler geometry, and
Ric represents the Ricci curvature [1]. Also, symbol ”|” represents the horizontal covariant derivative with respect to
the Berwald connection, and
S¯ :=
1
n+ 1
S.
Cheng et al. [2] expressed an equation for a projective Ricci curvature as follows
PRic = Rci+
n− 1
n+ 1
S|my
m +
n− 1
(n+ 1)2
S2,
and fully classified Randers metrics of a projective Ricci flat curvature [2]. A Finsler metric is said to be from a
projective Ricci flat curvature if PRic = 0.
(α, β)-metrics form an important and specific group of Finsler metrics that are defined as F = αϕ(s) where S = β
α
and
α = α(x, y) =
√
aij(x)yiyj ,
is a Riemannian metric and
β = β(x, y) = bi(x)y
i,
is a 1-form on M and ϕ(s) is a positive function of class C∞. Assuming ϕ(s) = 1 + s, then function F = α + β
which is a Finsler metric given conditions on the 1-form β, is called a Randers metric. We Put
rij :=
1
2
(bi;j + bj;i), sij :=
1
2
(bi;j − bj;i),
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where notation ";" represents horizontal covariant derivative with respect to Levi-Civita connection related to metric
α. We also assume
rij := a
imrmj , s
i
j := a
imsmj , rj := b
mrmj , r := rijb
ibj = bjrj ,
sj := b
msmj, qij := rims
m
j , tij := sims
m
j , qj := b
iqij = rms
m
j ,
tj := b
itij = sms
m
j , b := ‖βx‖α, ρ := ln
√
1− b2, ρi := ρxi ,
(aij) := (aij)
−1, bi := aijbj ,
where
ri0 := rijy
j, si0 := sijy
j , r00 := rijy
iyj , r0 := riy
i, s0 := siy
i, ρ0 := ρiy
i.
Definition 1.1. Let F be a Finsler metric on a manifold M , and PRic represents the projective Ricci curvature of
the metric F with respect to the Busemann-Hausdorff volume form. In this case, F is of an isotropic projective Ricci
curvature, if
PRic = (n− 1)cF 2,
where c = c(x) is a scalar function onM . F is said to be of a constant projective Ricci curvature if c is constant.
In the following, Randers metrics of an isotropic projective Ricci curvature is classified. In fact, Theorem 1.2 can be
expressed and confirmed.
Theorem 1.2. Suppose F = α + β is a Randers metric on a manifold M . Then, F is of a isotropic projective Ricci
curvature is if and only if
∝Ric = (tmm + (n− 1)c)α
2 + 2t00 + (n− 1)[ρ0;0 − ρ
2
0 + cβ
2],
Sm0;m = −(n− 1)(ρms
m
0 − cβ),
s0 = 0, or r00 + 2βs0 = 0,
where symbol ∝Ric represents the Ricci curvature of a Riemannian metric α and c = c(x) is a scalar function onM .
Theorem 1.3. Let F = α + β be a Randers metric on a manifold M . Then, F is of a reversible projective Ricci
curvature if and only if it is of a square projective Ricci curvature.
Corollary 1.4. If F = α+ β is a Randers metric of an isotropic square projective Ricci curvature, then F is Rieman-
nian.
We prove Theorem 1.2 in Section 3 and also Theorem 1.3 in Section 4.
For more information about Finsler Geometry refer to [5, 6, 7], and for Randers metric see [8, 9, 10].
2 Preliminaries
Definition 2.1. LetM be a differentiable manifold. Then, a Finsler structure onM is a F : TM → [0,∞) mapping
which satisfies the following conditions:
1. F is smooth on TM0 = TM − {0};
2. F has positive homogeneity of first degree on y, namely for every λ > 0,
F (x, λy) = λF (x, y);
3. for every (x, y) from the following matrix TM known as Hessian matrix, it is positive definite:
gij(x, y) =
1
2
∂2F 2(x, y)
∂yi∂yj
,
that is, forX 6= 0, we have g(X,X) > 0, where gij are elements of tensor g.
Therefore, (M,F ) is called Finsler manifold and F is called Fundamental Finsler function.
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Let F be a Finsler metric on a manifoldM , then curve c(t) is geodetic in the Finsler manifold (M,F ) if the following
equation is hold
c¨(t) + 2Gi(c(t), c˙(t)) = 0, i ∈ {1, · · · , n},
where Gi is a spray factor obtained from metric F and is defined onM as following
Gi =
1
4
gil{[F 2]xkyly
k − [F 2]xl},
where (gij) := (gij)
−1, y ∈ TxM .
The Riemann curvature is a family of linear mappings on the tangent space defined as follows
R = {Ry : TpM → TpM | y ∈ TpM,p ∈M},
where Ry can be locally expressed with respect to TpM space bases as follows
Ry = R
i
k
∂
∂xi
⊗ dxk.
So that Rik = R
i
k(x, y) represents the factors of a Riemann curvature F and is defined by
Rik = 2
∂Gi
∂xk
− yj
∂2Gi
∂xj∂yk
+ 2Gj
∂2Gi
∂yj∂yk
−
∂Gi
∂yj
∂Gj
∂yk
.
The Ricci curvature is the result of the Riemann curvature and is defined as follows
Ric(x, y) = Rii(x, y).
By definition, the Ricci curvature is a positive definite function of degree 2 on y [3].
In Finsler geometry, there are two important volume forms, one being the Busemann-Hausdorff volume form and the
other being the Holmes-Thomson volume form. Suppose {ei}
n
i=1 is an arbitrary basis for TxM and {θ
i}ni=1 is a dual
basis for T ∗xM . Then, bounded open subset B
n
x in R
n is defined as
Bnx = {(y
i) ∈ Rn | F (yiei) < 1}.
Let dVF = σF (x)θ
1 ∧ · · · ∧ θn is an arbitrary volume form. In this case, supposing σF (x) as
σF (x) =
V ol(Bn(1))
V ol(Bnx)
,
results in a dVf volume form called Busemann-Hausdorff volume form where V ol represent Euclidean volume and
ωn is the Euclidean volume of unit sphere B
n in Rn [4]. Considering this volume form, the notion of distortion is
defined as
τ(x, y) = ln
√
det(gij(x, y))
σBH(x)
.
Clearly, the notion of distortion has a positive homogeneity of zero degree. For a vector y ∈ TxM − {0}, let c = c(t)
be geodesic under the conditions c(0) = x and c˙(0) = y. Then, curvature S is defined as
S(x, y) =
d
dt
[τ(c(t), c˙(t))] | t = 0.
According to the above definition, curvature S, in fact, is a restriction of derivative of τ on the geodesics, i.e.,
S(x, y) = τ|1(x, y)y
1.
It can be clearly seen that the curvature S has a homogeneity of first degree. That is, for every λ > 0,
S(x, λy) = λS(x, y).
On the other hand, in local coordinates we have
S(x, y) = yi
∂τ
∂xi
− 2
∂τ
∂yi
Gi.
Given this equation, another equation can be obtained for the curvature S as follows
S(x, y) =
∂Gm
∂ym
− ym
∂
∂xm
[lnσBH ].
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3 Isotropic projective Ricci curvature
Cheng et al. [2] described a Randers metrics of projective Ricci curvature as
PRic = αRic+ 2αsm0;m − 2t00 − α
2tmm
+ (n− 1){−
2αβ
F 2
s20 + 2α(ρms
m
0)− ρ0;0 −
α
F 2
r00s0 + ρ
2
0}.
(3.1)
In the following we prove Theorem 1.2.
Proof of Theorem 1.2. To prove the necessary condition of Theorem 1.2, suppose F is of the isotropic projective Ricci
curvature. According to (3.1), it results
0 = αRic+ 2αsm0;m − 2t00 − α
2tmm
+ (n− 1){−
2αβ
F 2
s20 + 2α(ρms
m
0)− ρ0;0 −
α
F 2
r00s0 + ρ
2
0 − F
2c}.
Multiplying both sides of the equation in F 2 results in
0 = F 2 αRic+ 2F 2αsm0;m − 2F
2t00 − α
2F 2tmm
+ (n− 1){−2αβs20 + 2F
2α(ρms
m
0)− F
2ρ0;0 − αr00s0 + F
2ρ20 − F
4c}.
The ration can be rewritten as
E4α
4 + E3α
3 + E2α
2 + E1α+ E0 = 0,
where
E4 = −t
m
m − (n− 1)c, (3.2)
E3 = 2{s
m
0;m − βt
m
m + (n− 1)(ρms
m
0 − 2cβ)},
E2 =
αRic+ 4βsm0;m − 2t00 − β
2tmm + 4(n− 1)β(ρms
m
0)
− (n− 1)ρ0;0 + (n− 1)ρ
2
0 − 6(n− 1)cβ
2,
(3.3)
E1 = 2β
αRic+ 2β2sm0;m − 4βt00 − 2(n− 1)βs
2
0 + 2(n− 1)β
2(ρms
m
0)
− 2(n− 1)βρ0;0 + 2(n− 1)βρ
2
0 − (n− 1)r00s0 − 4(n− 1)cβ
3,
E0 = (
αRic− 2t00 − (n− 1)ρ0;0 + (n− 1)ρ
2
0 − (n− 1)cβ
2)β2.
From (3.2), we have
E4α
4 + E2α
2 + E0 = 0, (3.4)
E3α
2 + E1 = 0. (3.5)
From (3.4), we get
(E4α
2 + E2)α
2 + E0 = 0. (3.6)
Since α2 and β2 are mutual prime polynomials, from equation (3.6) and using E0, it can be said that there is a scalar
function λ onM such that
αRic− 2t00 − (n− 1)ρ0;0 + (n− 1)ρ
2
0 − (n− 1)cβ
2 = λ(x)α2. (3.7)
By substituting (3.7) in (3.6) we have
E4α
2 + E2 + λ(x)β
2 = 0. (3.8)
We also have from (3.3)
E2 = λ(x)α
2 + 4βsm0;m − β
2tmm + 4(n− 1)β(ρms
m
0)− 5(n− 1)cβ
2. (3.9)
We rewrite (3.7) as (3.10)
αRic = λ(x)α2 + 2t00 + (n− 1)[ρ0;0 − ρ
2
0 + cβ
2]. (3.10)
By substituting (3.9) in (3.8) and using (3.2) we have
[λ− tmm − (n− 1)c](α
2 + β2) = −4β[sm0;m + (n− 1)(ρms
m
0)− (n− 1)cβ].
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As a result, we have the following equations from above equation
λ = tmm + (n− 1)c, (3.11)
sm0;m = −(n− 1)(ρms
m
0 − cβ). (3.12)
In addition, using the (3.10), (3.11) and (3.12) we have
E1 = 2[t
m
m + (n− 1)c]α
2β − (n− 1)s0(r00 + 2βs0),
E3 = −2β[t
m
m + (n− 1)c].
As a result, we get from (3.5)
s0(r00 + 2βs0) = 0,
And it results from the equation that S0 = 0 or r00 + 2βs0 = 0.
The proof of the sufficiency condition is obvious because by substituting three existing conditions from Theorem 1.2
in (3.1), we get
PRic = (n− 1)cF 2.
Then, F can be said to be of a isotropic projective Ricci curvature.
Corollary 3.1. Let F = α + β be a Randers metric on a manifold M , then F is a projective Ricci flat curvature if
and only if the following equations exist
αRic = tmmα
2 + 2t00 + (n− 1)[ρ0;0 − ρ
2
0],
sm0;m = −(n− 1)(ρms
m
0),
s0 = 0 or r00 + 2βs0 = 0.
4 Randers metrics of reversible projective Ricci carvature
In this section we rewrite Theorem 1.3 and prove it.
Assume F = α+ β is of reversible projective Ricci curvature, that is
PRic(y) = PRic(−y).
Then the following theorem can be stated.
Theorem 4.1. Let F = α+β be a Randers metric on a manifoldM . Then, F is a reversible projective Ricci curvature
if and only if
sm0;m = −(n− 1)(ρms
m
0), (4.1)
r00 + 2βs0 = 0, or s0 = 0. (4.2)
In this case, F is of a square projective Ricci curvature.
Proof. Let F be of a reversible projective Ricci curvature, then using the (3.1) and
PRic(y) = PRic(−y),
it results
4F 2αsm0;m + 2(n− 1){−2αβs
2
0 + 2F
2α(ρms
m
0)− αr00s0} = 0,
which is equivalent to (4.3)
N3α
3 +N2α
2 +N1α = 0, (4.3)
where
N3 = 4s
m
0;m + 4(n− 1)(ρms
m
0),
N2 = 8βs
m
0;m + 8(n− 1)β(ρms
m
0),
N1 = 4β
2sm0;m − 4(n− 1)βs
2
0 + 4(n− 1)β
2(ρms
m
0)− 2(n− 1)r00s0.
So from (4.3) we have
N3α
2 +N1 = 0 (4.4)
N2 = 0. (4.5)
5
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From (4.4), we obtain (4.6)
sm0;m = −(n− 1)(ρms
m
0). (4.6)
The above equation is equal to the (4.1). By substituting (4.6) to (4.5) we have
s0(r00 + 2βs0) = 0. (4.7)
Consequently s0 = 0 or r00 + 2βs0 = 0.
The proof of the sufficiency condition is trivial, because, by assuming that (4.1) and (4.2) are hold and by substituting
equations (4.6) and (4.7) in (3.1) we will have
PRic = Ric− 2t00 − α
2tmm + (n− 1){−ρ0;0 + ρ
2
0}.
It can be clearly seen from the above equation that F is of a reversible projective Ricci curvature. In fact, F is of a
square projective Ricci curvature. In this way, the sufficiency condition is confirmed.
Let Finsler metric F be of the isotropic curvature S, that is
S = (n+ 1)cF,
where, c = c(x) is a scalar function on the manifoldM . Then, we have
S|m = (n+ 1)cmF,
PRic = Ric+ (n− 1)c0F + (n− 1)c
2F 2,
where, cm := cxm and c0 := cmy
m. In this case, F is of the square projective Ricci curvature if and only if
Ric.j.k.l + (n− 1){c0Fyjykyl + c
2F 2yjykyl} = 0. (4.8)
Using this equation, Theorem 4.2 can be expressed.
Theorem 4.2. Let F = α+β be a Randers metric on a n-dimensional manifoldM and is of a square Ricci curvature,
then F is of a square projective Ricci curvature if and only if S = 0.
Proof. The sufficiency condition is trivial. We prove the necessary condition. Suppose F = α+β is a Randers metric,
then
Fyjykyl = −
1
α3
[
δjk yl(j → k → l→ j) +
3
α2
ylykyj
]
, (4.9)
and
F 2yjykyl =
1
α
bjδkl(j → k → l→ j)−
1
α3
βδjkyl(j → k → l → j)
−
3
α5
βylykyj −
1
α3
bjykyl(j → k → l→ j),
(4.10)
where symbol j → k → l→ j represents all of the rotations on the indices and then the summation of them. Suppose
F is a square Ricci curvature. Then, we have
Ric.j.k.l = 0. (4.11)
By substituting (4.9), (4.10) and (4.11) in (4.8) we have
0 = (n− 1)
{
−
1
α3
[
(c0 + βc
2)δjk yl(j → k → l → j) +
3
α2
(c0 + βc
2)ylykyj
]
+
c2
α
[(
δkl −
1
α2
ykyl
)
bj
]
(j → k → l→ j)
}
.
(4.12)
It is clearly seen that (4.12) exists when c = 0. Therefore S = 0.
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